Inverse Problems for One Dimentional Conformable Fractional Dirac Type
  Integro Differential System by Keskin, Baki
ar
X
iv
:1
91
1.
08
20
3v
1 
 [m
ath
-p
h]
  1
9 N
ov
 20
19
INVERSE PROBLEMS FOR ONE DIMENTIONAL
CONFORMABLE FRACTIONAL DIRAC TYPE INTEGRO
DIFFERENTIAL SYSTEM
BAKI KESKIN
Abstract. In this paper, one dimentional conformable fractional Dirac-type
integro differential system is considered. The asymptotic formulae for the
solutions, eigenvalues and nodal points are obtained. We investigate the inverse
nodal problem and give an effective procedure for solving the inverse nodal
problem with respect to given a dense subset of nodal points .
1. Introduction
The Dirac operator is the relativistic Schro¨dinger operator in quantum physics.The
basic and comprehensive results about Dirac operators were given in [31]. Inverse
problems for the Dirac operators have been extensively well studied in various pub-
lications (see [12], [15], [17], [21], [22], [23] , [38] and the references therein).The
subject of fractional calculus has acquired significant popularity and major atten-
tion from several authors in various science due mainly to its direct involvement
in the problems of differential equations in mathematics, physics, engineering and
others. This topic is initiated by ([1], [26]). The fractional calculus has gained an
interesting area in mathematical research and it has attracted the attention of sev-
eral scholars. A variety of new results can be found ([2], [3] and references therein).
In recent years, scholars have focussed on a fractional generalization of the well
known Sturm-Liouville and Dirac problems ([4], [5], [6], [7], [8], [16], [27], [28] and
[36]).
Inverse nodal problem was started for the Sturm–Liouville operator by McLaugh-
lin [32] in 1988. In 1989, Hald and McLaughlin proved that it is sufficient to know
the nodal points to determine the potential function of the regular Sturm–Liouville
problem with more general boundary conditions uniquely and gave some numeri-
cal schemes for the reconstruction of the potential from nodal points [20]. Yang
proposed an algorithm to solve an inverse nodal problem for the Sturm–Liouville
operator in 1997 [43]. Such problems have been considered by several researchers
in ([9], [13],, [18], [33], [35], [37], [39], [40], [42], [44], [46] and [47] ) and other
works.The inverse nodal problems for the Dirac operators with various boundary
conditions have been studied and shown that a dense subset of the zeros of the first
component of the eigenfunctions alone can determine the coefficients of discussed
problem [19], [45] and [48]. In [34], the authors have developed the spectral theory
for a conformable fractional Sturm-Liouville problem and have proved uniqueness
theorem with respect to the nodal points.
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Nowadays, the studies concerning the perturbation of a differential operator by
a Volterra type integral operator, namely the integro-differential operator has ac-
quired significant popularity and major attention from several authors and take sig-
nificant place in the literature.[10], [11], [14], [29], [30] and [41] ). Integro-differential
operators are nonlocal, and therefore they are more difficult for investigation, than
local ones. New methods for solution of these problems are being developed. For
Sturm-Liouville type integro-differential operators, there exist some studies about
inverse problems but there is very little study for Dirac type integro-differential op-
erators. The inverse nodal problem for Dirac type integro-differential operators was
first studied by [24]. In their study, it is shown that the coefficients of the differen-
tial part of the operator can be determined by using nodal points and nodal points
also gives the partial information about integral part. In [25], the authors consid-
ered Dirac type integro-differential operators with boundary conditions depend on
the spectral parameter linearly.
2. Conformable Fractional Preliminaries
Firstly, we want to recall some basic definitions and properties of conformable
fractional calculus which can be found in [[26], [1]].
Definition 1. Let f : [0,∞) → R be a given function. Then the conformable
fractional derivative of f of order α is defined by:
Dαx f(x) = lim
∈→0
f(x+ ǫx1−α)− f(t)
ǫ
α, Dαxf(0) = lim
t→0+
Dαf(x),
for all x > 0, α ∈ (0, 1]. If this limit exist and finite at x0, we say f is α−differentiable
at x0. Note that if f is differentiable, then D
αf(x) = x1−αf ′(x).
Definition 2. The conformable fractional Integral starting from 0 of order α is
defined by
Iαf(x) =
∫ x
0
f(t)dαt =
∫ x
0
tα−1f(t)dt,
for all x > 0.
Lemma 1. Let f : [a,∞) → R be any continuous function. Then, for all x > a,
we have Dαx Iαf(x) = f(x).
Lemma 2. Let f : (a, b) → R be any differentiable function. Then, for all x > a,
we have IαD
α
x f(x) = f(x)− f(a).
Theorem 1. (α−integration by parts): Let f, g : [a, b]→ R be two conformable
fractional differentiable functions. Then,∫ b
a
f(x)Dαx g(x)dαx = f(b)g(b)− f(a)g(a)−
∫ b
a
g(x)Dαx f(x)dαx
Theorem 2. (α−Leibnitz Rule) Let tα−1f(x, t) and tα−1fx(x, t) be continuous
in x on some regions of the (x, t)−plane, including a(x) ≤ t ≤ b(x), x0 ≤ x ≤ x1.
If a(x) and b(x) are both α−differentiable for x0 ≤ x ≤ x1, then
Dαx
[∫ b(x)
a(x)
f(x, t)dαt
]
= f(x, b(x))bα−1(x)Dαx b(x) − f(x, a(x))aα−1(x)Dαxa(x) +∫ b(x)
a(x) D
α
xf(x, t)dαt.
Definition 3. The space Cnα [a, b] consists of all functions defined on the interval
[a, b] which are continuously α−differentiable up to order n.
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3. Conformable Fractional Dirac Systems
In this work, we consider the following one-dimentional conformable fractional
Dirac type integro-differential system
(1) BY +Ω(x)Y +
x∫
0
M(x, t)Y dαt = λY, x ∈ (0, π),
with the boundary conditions
sin θy1(0) + cos θy2(0) = 0(2)
sinβy1(π) + cosβy2(π) = 0(3)
where, θ is a real constant, λ is the spectral parameter,
B =
(
0 Dαx
−Dαx 0
)
, Ω(x) =
(
p(x) 0
0 r(x)
)
, M(x, t) =
(
M11(x, t) M12(x, t)
M21(x, t) M22(x, t)
)
,
Y =
(
y1
y2
)
, p(x), r(x), M (x, t) are real-valued conformable fractional differen-
tiable functions and xα−1p(x) and xα−1r(x) are continuous on (0, π).
Let ϕ(x, λ) = (ϕ1(x, λ), ϕ2(x, λ))
T
be the solution of (1) satisfying the initial
condition ϕ(0, λ) = (cos θ,− sin θ)T . It is clear that ϕ(x, λ) is an entire function of
λ satisfies the following conformable fractional Volterra integral equations:
(4)
ϕ1(x, λ) = cos θ cos
(
λ
xα
α
)
+ sin θ sin
(
λ
xα
α
)
+
∫ x
0 sin
(
λ
xα − tα
α
)
p(t)ϕ1(t, λ)dαt+
∫ x
0 cos
(
λ
xα − tα
α
)
r(t)ϕ2(t, λ)dαt
+
∫ x
0
∫ t
0
sin
(
λ
xα − tα
α
)
{M11(t, ξ)ϕ1(λ, ξ) +M12(t, ξ)ϕ2(λ, ξ)} dαξdαt
+
∫ x
0
∫ t
0
cos
(
λ
xα − tα
α
)
{M21(t, ξ)ϕ1(λ, ξ) +M22(t, ξ)ϕ2(λ, ξ)} dαξdαt
(5)
ϕ2(x, λ) = cos θ sin
(
λ
xα
α
)
− sin θ cos
(
λ
xα
α
)
− ∫ x0 cos
(
λ
xα − tα
α
)
p(t)ϕ1(t, λ)dαt+
∫ x
0 sin
(
λ
xα − tα
α
)
r(t)ϕ2(t, λ)dαt
− ∫ x0 ∫ t0 cos
(
λ
xα − tα
α
)
{M11(t, ξ)ϕ1(λ, ξ) +M12(t, ξ)ϕ2(λ, ξ)} dαξdαt
+
∫ x
0
∫ t
0 sin
(
λ
xα − tα
α
)
{M21(t, ξ)ϕ1(λ, ξ) +M22(t, ξ)ϕ2(λ, ξ)} dαξdαt
Lemma 3. Let f(x) be a function in C1α[0, π], then
lim
|λ|→∞
exp(−
∣∣∣∣Imλπαα
∣∣∣∣) ∫ pi0 f(x) cosλxαα dαx = 0
and
lim
|λ|→∞
exp(−
∣∣∣∣Imλπαα
∣∣∣∣) ∫ pi0 f(x) sin λxαα dαx = 0
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Theorem 3. For |λ| → ∞, the following asymptotic formulae are valid:
ϕ1(x, λ) = cos
[
λ
xα
α
− µ(x)− θ
]
+
1
2λ
υ(x) cos
[
λ
xα
α
− µ(x)− θ
]
− 1
2λ
υ(0) cos
[
λ
xα
α
− µ(x) + θ
]
+
1
2λ
sin
[
λ
xα
α
− µ(x) − θ
] ∫ x
0
υ2(t)dαt(6)
− 1
2λ
K (x) cos
[
λ
xα
α
− µ(x)− θ
]
− 1
2λ
L (x) sin
[
λ
xα
α
− µ(x)− θ
]
+o
(
1
λ
exp(|τ | x
α
α
)
)
,
ϕ2(x, λ) = sin
[
λ
xα
α
− µ(x) − θ
]
− 1
2λ
υ(x) sin
[
λ
xα
α
− µ(x) − θ
]
− 1
2λ
υ(0) sin
[
λ
xα
α
− µ(x) + θ
]
− 1
2λ
cos
[
λ
xα
α
− µ(x) − θ
] ∫ x
0
υ2(t)dαt(7)
− 1
2λ
K (x) sin
[
λ
xα
α
− µ(x) − θ
]
+
1
2λ
L (x) cos
[
λ
xα
α
− µ(x)− θ
]
+o
(
1
λ
exp(|τ | x
α
α
)
)
,
uniformly in x ∈ [0, π], where, µ(x) = 1
2
∫ x
0 (p(t)+r(t))dαt, υ(x) =
1
2
(p(x)− r(x)) ,
K(x) =
∫ x
0
(M11(t, t)−M22(t, t))dαt, L(x) =
∫ x
0
(M12(t, t)−M21(t, t))dαt
and τ = Imλ.
Proof. we denote
ϕ1,0(x, λ) = cos
(
λ
xα
α
− θ
)
,
ϕ1,n+1(x, λ) =
∫ x
0
sin
(
λ
xα − tα
α
)
p(t)ϕ1,n(t, λ)dαt
+
∫ x
0
cos
(
λ
xα − tα
α
)
r(t)ϕ2,n(t, λ)dαt
+
∫ x
0
∫ t
0
sin
(
λ
xα − tα
α
){
M11(t, ξ)ϕ1,n(λ, ξ) +M12(t, ξ)ϕ2,n(λ, ξ)
}
dαξdαt
+
∫ x
0
∫ t
0
cos
(
λ
xα − tα
α
){
M21(t, ξ)ϕ1,n(λ, ξ) +M22(t, ξ)ϕ2,n(λ, ξ)
}
dαξdαt,
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ϕ2,0(x, λ) = sin
(
λ
xα
α
− θ
)
,
ϕ2,n+1(x, λ) = −
∫ x
0
cos
(
λ
xα − tα
α
)
p(t)ϕ1,n(t, λ)dαt
+
∫ x
0
sin
(
λ
xα − tα
α
)
r(t)ϕ2,n(t, λ)dαt
−
∫ x
0
∫ t
0
cos
(
λ
xα − tα
α
){
M11(t, ξ)ϕ1,n(λ, ξ) +M12(t, ξ)ϕ2,n(λ, ξ)
}
dαξdαt
+
∫ x
0
∫ t
0
sin
(
λ
xα − tα
α
){
M21(t, ξ)ϕ1,n(λ, ξ) +M22(t, ξ)ϕ2,n(λ, ξ)
}
dαξdαt,
applying successive approximations method to the equations (4) and (5) and using
Lemma3, we get the estimates (6) and (7), 
The characteristic function ∆(λ) of the problem (1)-(3) is defined by the relation
(8) ∆(λ) = ϕ1(π, λ) sinβ + ϕ2(π, λ) cosβ,
It is obvious that ∆(λ) is an entire function and its zeros, namely {λn}n∈Z , coincide
with the eigenvalues of the problem (1)-(3). Using the asymptotic formulae (6) and
(7), one can easily obtain
∆(λ) = sin
[
λ
xα
α
− µ(x)− θ + β
]
− 1
2λ
υ(x) sin
[
λ
xα
α
− µ(x) − θ − β
]
− 1
2λ
υ(0) sin
[
λ
xα
α
− µ(x) + θ + β
]
− 1
2λ
cos
[
λ
xα
α
− µ(x) − θ + β
] ∫ x
0
υ2(t)dαt(9)
− 1
2λ
K (x) sin
[
λ
xα
α
− µ(x) − θ + β
]
+
1
2λ
L (x) cos
[
λ
xα
α
− µ(x)− θ + β
]
+ o
(
1
λ
exp(|τ | x
α
α
)
)
,
for sufficiently large |λ| . Since the eigenvalues of the problem (1)-(3) are the roots
of ∆(λn) = 0, we can write the following equation for them:(
1− 1
2λn
υ(π) cos 2β − 1
2λn
υ(0) cos 2θ − 1
2λn
K(π)
)
tan(λn
πα
α
− µ(π)− θ + β) =
− 1
2λn
υ(π) sin 2β − 1
2λn
υ(0) sin 2θ +
1
2λn
∫ pi
0 υ
2(t)dαt− 1
2λn
L(π) + o
(
1
λn
)
which implies that
tan(λn
πα
α
− µ(π)− θ + β) =(
1− 1
2λn
υ(π) cos 2β − 1
2λn
υ(0) cos 2θ − 1
2λn
K(π)
)−1
×
×
(
− 1
2λn
υ(π) sin 2β − 1
2λn
υ(0) sin 2θ +
1
2λn
∫ pi
0 υ
2(t)dαt− 1
2λn
L(π) + o
(
1
λn
))
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for sufficiently large n.
We obtain from the last equation,
λn =
α
πα−1
n+ α
θ + µ(π)− β
πα
+
α
2nπα
(
υ(π) sin 2β − υ(0) sin 2θ +
∫ pi
0
υ2(t)dαt− L(π)
)
(10)
+o
(
1
n
)
for |n| → ∞.
4. Main Results
In this section, we obtain the asymptotic formula for the nodal points of con-
sidered problem and prove an inverse nodal problem for the one-dimensional con-
formable fractional Dirac-type integro differential system.
Lemma 4. For sufficiently large n, the first component ϕ1(x, λn) of the eigenfunc-
tion ϕ(x, λn) has exactly n nodes
{
xjn : j = 0, n− 1
}
in the interval (0, π):
0 < x0n < x
1
n < ... < x
n−1
n < π. The numbers
{
xjn
}
satisfy the following asymptotic
formula:
(11)
(
xjn
)α
=
(j + 1/2)πα
n
+
µ(xjn) + θ
nπ1−α
− (j + 1/2)π
α
n
(
θ + µ(π)− β
nπ
)
− θ + µ(π)− β
π2−αn2
(
µ(xjn) + θ
)
+
α
2n2
(
υ(0) sin 2θ +
∫ xjn
0
υ2(t)dαt− L
(
xjn
))
+ o
(
1
n2
)
.
Proof. From (6), the following asymptotic formula can be written for sufficiently
large n
ϕ1(x, λn) = cos
[
λn
xα
α
− µ(x)− θ
]
+
1
2λn
υ(x) cos
[
λn
xα
α
− µ(x) − θ
]
− 1
2λn
υ(0) cos
[
λn
xα
α
− µ(x) + θ
]
+
1
2λn
sin
[
λn
xα
α
− µ(x)− θ
] ∫ x
0
υ2(t)dαt
− 1
2λn
K (x) cos
[
λn
xα
α
− µ(x)− θ
]
− 1
2λn
L (x) sin
[
λn
xα
α
− µ(x) − θ
]
+o
(
1
λn
exp(|τ | x
α
α
)
)
,
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from ϕ1(
(
xjn
)α
, λn) = 0, we get
cos
[
λn
(
xjn
)α
α
− µ(xjn)− θ
]
= − 1
2λn
υ(xjn) cos
[
λn
(
xjn
)α
α
− µ(xjn)− θ
]
+
1
2λn
υ(0) cos
[
λn
(
xjn
)α
α
− µ(xjn)− θ
]
cos 2θ
− 1
2λn
υ(0) sin
[
λn
(
xjn
)α
α
− µ(xjn)− θ
]
sin 2θ
− 1
2λn
sin
[
λn
(
xjn
)α
α
− µ(xjn)− θ
] ∫ xjn
0
υ2(t)dαt
+
1
2λn
K
(
xjn
)
cos
[
λn
(
xjn
)α
α
− µ(xjn)− θ
]
+
1
2λn
L
(
xjn
)
sin
[
λn
(
xjn
)α
α
− µ(xjn)− θ
]
+ o
(
1
λn
)
,
tan
[
λn
(
xjn
)α
α
− µ(xjn)− θ −
π
2
](
1 +
1
2λn
υ(xjn)−
1
2λn
υ(0) cos 2θ − 1
2λn
K
(
xjn
))
=
1
2λn
υ(0) sin 2θ +
1
2λn
∫ xjn
0
υ2(t)dαt− 1
2λn
L
(
xjn
)
+ o
(
1
λn
)
,
Taking into account Taylor’s expansion formula for the arctangent, we get
λn
(
xjn
)α
α
−µ(xjn)−θ−
π
2
= jπ+
1
2λn
(
υ(0) sin 2θ +
∫ xjn
0
υ2(t)dαt− L
(
xjn
))
+o
(
1
λn
)
.
It follows from the last equality
(
xjn
)α
α
=
(
j + 12
)
π + µ(xjn) + θ
λn
+
1
2λ2n
(
υ(0) sin 2θ +
∫ xjn
0
υ2(t)dαt− L
(
xjn
))
+o
(
1
λ2n
)
.
The relation (11) is proven by using the asymptotic formula
λ−1n =
πα−1
nα
{
1− µ(π) + θ − β
nπ
−
(
υ(π) sin 2β − υ(0) sin 2θ + ∫ pi0 υ2(t)dαt− L(π))
2n2π
+ o
(
1
n2
)}

Let X be the set of nodal points and µ(π) = 0. For each fixed x ∈ (0, π) and
α ∈ (0, 1] we can choose a sequence (xjn) ⊂ X so that xjn converges to x. Then the
following limits are exist and finite:
lim
|n|→∞
n
((
xj(n)n
)α
− (j + 1/2)π
α
n
)
= f(x),
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where
(12) f(x) =
µ(x) + θ
π1−α
− x
α
π
(θ + µ(π)− β)
and
lim
|n|→∞
2n2
((
xj(n)n
)α
− (j + 1/2)π
α
n
− µ(x
j
n) + θ
nπ1−α
+
(j + 1/2)πα
n
(
θ + µ(π)− β
nπ
))
= g(x),
where
(13) g(x) = α
(
υ(0) sin 2θ +
∫ x
0
υ2(t)dαt− L (x)
)
Therefore, proof of the following theorem is clear. Let µ(π) = 0
Theorem 4. The given dense subset of nodal points X uniquely determines the
coefficients θ and β of the boundary conditions and if L(x) is known, X also uniquely
determines the potential Ω(x) a.e. on (0, π) . Moreover, Ω(x), L(x), θ and β can
be reconstructed by the following formulae:
Step-1: For each fixed x ∈ (0, π) and α ∈ (0, π], choose a sequence
(
x
j(n)
n
)
⊂ X
such that lim
|n|→∞
x
j(n)
n = x;
Step-2: Find the function f(x) from (12) and calculate
θ = f(0)
β = f(π)θ1−α
Dαxµ(x) = D
α
xf(x) +
α
π
[
f(0)− f(π)f(0)1−α](14)
Step-3: Find the function g(x) from (13) and calculate
(15) υ(x) =
1√
α
√
Dαx (g(x) + αL(x))
Step-4: If L(x) is known then from (14) and (15) calculate
p(x) = υ(x) +Dαxµ(x)
r(x) = Dαxµ(x)− υ(x)
If p(x) and r(x) are known then from (13) calculate
L (x) = υ(0) sin 2θ +
∫ x
0
υ2(t)dαt− g(x)
α
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